Abstract: This article considers the output transition problem, to change the output position, from an initial value to a final value, for dual-stage positioning systems. The main contribution of the article is to show that the use of pre-and post-actuation input (applied outside the transition interval without changing the output) can reduce the transition time beyond the standard bangbang-type inputs from the optimal state-transition approach. An example, motivated by diskdrives application, is used to illustrate the advantages of using (a) pre-and post-actuation and (b) the second actuator in dual-stage positioning system.
INTRODUCTION
The renewed interest in optimal positioning problems is motivated by the advent of dual-stage systems in hard-disk drives (HDD), e.g., see Uchida and Semba [2000] Previous works have shown also that the feedback controller can be augmented with feedforward to improve the performance in disk drives, e.g., Takaishi and Saito [2003] . In this article, we focus on the design of feedforward controllers for reducing the seek time in disk drives. The goal is to exploit the actuator redundancy when transitioning the output (read/write head position) from one value to another without residual vibrations -such vibrations would lead to positioning error that adversely affects the performance. It is noted that the minimum-time, state transition problem (without residual vibrations) with bounds on the input magnitude is a classical problem that leads to a bang-bang-type input for the fastest state transition. However, the transition time can be reduced further if only the system output needs to be transitioned from one value to another rather than the entire system state. The main contribution of the article is to show that the use of pre-and post-actuation input (applied outside the transition interval without changing the output) can reduce the transition time (i..e., the seek time) beyond the standard bang-bang-type inputs from the optimal statetransition approach. The problem is formulated for general dual-stage positioning systems, and an illustrative dualstage example is used to clarify the advantages of using (a) pre-and post-actuation and (b) the second actuator in dual-stage systems.
The problem of minimizing the time T needed to reach a desired output was studied in Lewis [1981] . As opposed to achieving the desired output at a particular time instant (as in Lewis [1981] ), the issue of also maintaining the output afterwards (i.e., t ≥ T ) was studied in EmamiNaeini [1992] . The current work extends previous work on output transition problem to include both pre-and postactuation. In particular, the proposed approach allows the system to evolve in the internal dynamics (outside of the transition interval I T ). Thus, it ensures that the output is kept at the desired values by using pre-actuation input (for t ≤ 0) and post-actuation input (for t ≥ T ). These inputs, which are nonzero outside the transition interval I T , can be precomputed and applied as feedforward control for general systems, Devasia et al. [2007] , as well as in disk drives, Nie and Horowitz [2010] . Additionally, the current work exploits the flexibility afforded with the second actuator (in dual-stage systems) to control the internal dynamics, and thereby, enlarge the set of possible pre-and post-actuation inputs. Note that the use of preand post-actuation effectively increases the time available to apply the input, without an increase in the time T needed for the output transition. The resulting availability of additional time to apply inputs (during pre-and postactuation) tends to lower the required output-transition time T .
The problem of optimal output transition for linear systems, with pre-and post-actuation, was posed in Dowd and Thanos [2000] , Piazzi and Visioli [2000] . For example, polynomials were used to pre-specify a set of output trajectories from which a minimal-time solution was obtained in Piazzi and Visioli [2000] . However, the output and input trajectories are not intuitive for solutions to typical minimum-time problems, and therefore, it is challenging to include them in the initial set of pre-specified trajectories. In contrast, the input and output trajectories are found in the optimization process with the minimum-time OOT approach. For example, previous works have shown that the use of pre-and post-actuation can be used to reduce cost functions involving the input energy (Iamratanakul et al. [2008] , Perez and Devasia [2003] ). The current article generalizes such use of pre-and post-actuation to the dual-stage setting with the objective of minimizing the transition time rather than the input energy.
PROBLEM FORMULATION
The system model is described and used for problem formulation.
Form of general flexible structure model
Consider the following model of a dual-stage-actuator system (as in, e.g., Li et al. [2003] for a disk-drive servo system), where the transfer function from the main actuator (such as a voice-coil-motor (VCM)) input u v to the output, tip position y of a flexible structure, is given by
where b r /s 2 represents the rigid body dynamics x r , and the second term represents the flexible dynamics x f -the dynamics of the actuator is not considered in this model.
The second actuator (say, a piezoelectric (PZT) actuator, which cannot apply nonzero external forces on the structure) tends to actuate the same flexible dynamics but not the rigid-body mode. Therefore, the transfer function from the second, input u p to the output, tip position y, is modeled as
Note that the poles of the transfer function G p (in Eq. 2) are the same as the poles of the transfer function G v (in Eq. 1) since both actuators excite the same flexible dynamics of the structure. However, the influence of the two actuators (on the different modes in the flexible dynamics) is different -this difference is captured by the different numerator terms b v,i , b p,i in the transfer functions models (Eqs. 1, 2).
Assumption
The difference in the influence on the different flexible modes results in different zeros for the two transfer functions (Eqs. 1, 2).
State-space model
The state-space model for the system (from Eqs. 1,2) is given by
where
with the subscript r representing the rigid-body dynamics
the subscript f j representing the dynamics of the j th flexible mode
both the inputs are bounded, i.e.,
and the condensed notation 0 k,n is used for a k × n matrix of zeros. Note that it is possible to rescale the terms in the B matrix to restrict the maximum input magnitude of both inputs to be the same.
The output transition problem
Consider the problem of transitioning the output from y to y. Let x and x be equilibrium points of the system (Eq. 3) corresponding to outputs y and y, i.e.,
The output transition problem is formally stated next.
Definition 1. (Output transition). Given a transition time
that satisfy the system equations (3-9) for all time (−∞ < t < ∞)ẋ
( 11) and the following two conditions. 
[II. The delimiting state condition] The system state approaches the delimiting states as time goes to (plus or minus) infinity,
The minimum-time optimal output transition (OOT) problem minimizes the transition time T for the output transition problem (in Def. 1), i.e., minimize the cost function
SOLUTION TO OOT PROBLEM
The section begins with the standard approach based on optimal state transition, followed by the solution to the optimal output transition (OOT) problem.
Standard state transition (SST) approach
The output-transition problem (see Def. 1) can be solved using the time-optimal, state transition approach defined below. 
while minimizing the transition time T .
The input from the SST approach consists of a finite number of bang-bang-type inputs, e.g., see Pao and Singhose [1998] The time-optimal state-transition can be used to achieve the desired output transition if the initial and final states are the delimiting states (in Eq. 10), as stated below.
Definition 4. (SST-based output transition).
Reduce the transition time by solving the time-optimal, state transition problem (in Def. 3) with initial and final states chosen as the equilibrium states associated with the output transition (in Eq. 10)
Minimum-time OOT approach
Difference between OOT and SST The SST approach to output transition constraints the boundary values of the flexible part x f of the state x (in Eq. 6)
to be zero (from Eqs. 10,16), i.e., x f (0) = 0, x f (T ) = 0. Such a constraint on the flexible modes x f in the state is avoided with the OOT approach -avoiding the constraint on the flexible modes provides more opportunities to reduce the transition time. However, since the flexible modes are allowed to be nonzero, the system's boundary states (x(0), x(T )) are not constrained to be equilibrium points. Therefore, the challenge with the OOT approach is to maintain constant output values outside of the output-
Input to maintain constant output
The input needed to maintain the output constant can be found by differentiating the output equation till the input appears explicitly. For the example system (Eq. 3) with relative degree two, the main input u v first appears when the output is differentiated twice d
where, since the relative degree of the main-actuator dynamics (Eq. 1) is 2, β v ̸ = 0. To maintain the output constant (outside the output-transition time interval I T ), the second time derivative of the output should be zero, 
which is referred to as the inverse input law.
The Internal Dynamics
The above inverse input law (during pre-and post-actuation) constrains some of the states. To quantify the flexibility in the system states, during pre-and post-actuation, consider the following change of co-ordinates
where the condensed notation I k,k is used for a k × k identity matrix with zeros everywhere except for ones on the diagonal, ζ represents the output and its time derivatives and η represents the internal dynamics chosen as the flexible modes (in Eq. 17)
In general, the internal states η can be chosen to be anything that leads to an invertible transformation matrix T in Eq. (20). Using the output-maintaining, inverse-input law (in Eq. 19) and the co-ordinate transformation T (in Eq. 20), the system equation (3) can be rewritten as
During pre-and post actuation the output is constant, i.e., its time derivative is zero, and therefore, the state component ζ (see Eq. 20) has the form
where the delimiting equilibrium states (Eq. 10) in the new co-ordinates are
These state components ζ, ζ (and therefore the output) are maintained constant (during pre-and post-actuation) since they do not change with the inverse-input law -as seen from the transformed state Eq.
The internal dynamics, from Eq. (22),
is controllable when the two transfer functions (Eqs. 1, 2) have different zeros for a dual-stage systems, as shown in Iamratanakul and Devasia [2009] .
Acceptable Boundary Values of the Internal State
There is flexibility in the choice of the internal state η, during preand post-actuation, because the internal state η does not affect the output y with the output-maintaining, inverse input as seen in Eq. (22). A pair of boundary values
of the internal state η is in the acceptable set Ψ, i.e., ψ ∈ Ψ if there exists a pair of bounded pre-and postactuation inputs u p,pre , u p,post that achieve the delimiting state condition in Eq. (13), i.e., the solution pair η pre , η post to the internal dynamics (Eq. 25)
with boundary conditions η pre (0) = η(0); η post (T ) = η(T ); satisfies the delimiting condition (see Eqs. 13, 24) η
and the input constraint (in Eq. 9)
Additionally, the corresponding output-maintaining inverse input (from Eq. 19)
should also remain bounded during pre-and post-actuation
NUMERICAL EXAMPLE
A benchmark simulation model (with one rigid body and one flexible mode) is used in this section as an illustrative example to enable comparisons with previous works on time-optimal control that do not use pre-and post-actuation.
The example model
The state-space-model matrices for the system (in 3) are given by 
the rigid dynamics is represented by the first two terms of the state vector
the rigid y r and flexible y f components of the output y corresponding to the rigid x r and flexible x f 1 components of the state x are defined as
and the parameters of the model are chosen to be:
n /20 for an output transition from y = 0 to y = 0.1 and input bound U max = 1.
Settling time for rigid-body dynamics
The minimum settling time for the rigid-body part of the system dynamics will be used (in the following) to comparatively evaluate the settling performance of the SST and OOT approaches. The rigid-body dynamics is given by (from Eq. 1)
where the second input (e.g., due to a PZT) does not appear since the rigid-body dynamics is not controllable by the internal forces generated by the PZT. The minimumtime input that brings the rigid-body dynamics to y from y, when the initial and final velocities are zero, is the bangbang input, and the resulting minimum transition time T r (with only the rigid body) is
Lower bound on settling time with SST Any choice of the main actuator input (u v ) has to bring the rigid-body dynamics to the origin because the secondary actuator input (u p ) cannot control this part of the dynamics. Therefore, the minimal settling time T * SST with the SST approach cannot be less than the just-rigid-body settling time T r (in Eq. 37), i.e.,
SST
The state-to-state transition (SST) is considered for two cases: single stage and dual stage.
Single-stage SST
For a single-stage system, with one rigid mode and one undamped flexible mode , previous work Pao [1996] has shown that the SST input is symmetric about the time axis with at-most three switches at time instants Note that the optimal time T * S,SST for SST with a single actuator is about 40% more than the time T r needed for the rigid body transition, i.e., as expected from Eq. (38)
Dual-stage SST The use of the second actuator provides additional control over the flexible states, which can lower the SST transition time T * SST of the dual-stage system when compared to transition time T * S,SST for the singlestage case, i.e., Nevertheless, the rigid-body transition time T r remains a lower bound for the transition time with the SST approach as in Eq. (38), i.e., It is shown, below, that the lower bound T r can be achieved as the SST transition time (i.e., T * SST = T r ) for the specific transition problem under study.
With the input pattern in Fig. 2 , the smallest transition time T with an acceptable solution t a ∈ [0, T /2] is the rigid-body transition time (which is also the lower bound for the SST transition) 
OOT
The optimal time T * SST for the dual-stage SST is bounded from below by the time T r needed for the rigid body transition. It is shown below that the use of pre-and postactuation can reduce the output transition time furtherto be below the time T r needed for the rigid body transition. The optimal output transition (OOT) is considered for two cases: single stage and dual stage. (44) and the internal dynamics is, from Eq. (22),
which is controllable for the dual-stage case.
Single-stage OOT
With only the main actuator (i.e., u p = 0), the internal dynamics in Eq. (45) becomes autonomous and non-hyperbolic with poles on the imaginary axisη
Therefore, the internal state (which are the flexible state components from Eq. (21)) have to remain zero during pre-and post actuation (see Perez and Devasia [2003] 
with inputs and outputs as in Fig. 1 .
Dual-stage OOT
The addition of the second actuator makes the internal dynamics controllable (compare Eqs. (45, 46) ). Therefore, provided that the boundary values (ψ in Eq. 26) of the internal-state components are sufficiently small, they can be driven to zero outside the output-transition time interval I T = [0, T ] without violating the input constraints (Eqs. 29, 31).
The main input (u v ) will be considered to be symmetric with one switching time instant to enable a rapid transition of the rigid-body state component as in the dualstage SST case (in Fig. 2 ). The objective is to transition the rigid-body state components between the following
where the velocity component of the rigid bodyẋ r is chosen as zero since a symmetric main-input u v cannot change the velocity component between initial time t = 0 and final time t = T . With y > y, the transition time T is given by
Moreover, to ensure that the output achieves the desired boundary values, the internal state components (which correspond to the flexible state components) should transition between [
With the second input (u p ) considered to be symmetric with up-to three switching instants in time as in the dual- stage SST case (in Fig. 2 ), the optimal output transition time is given by
provided acceptable pre-and post-actuation can be found to drive the internal states to zero outside the outputtransition time interval.
Towards finding the post-actuation input u p that can drive the final internal state (flexible state components) to zero, the linear quadratic regulator (LQR) approach was used to find a feedback of the form 
for the internal dynamics in Eq. (45) and the acceptable δ is bounded by |δ| ≤ 4.8078 × 10 −2 , which is larger than the value of δ = 3.2251 × 10 −2 for the OOT solution (in Eq. 51). The pre-actuation input is found by using symmetry. The resulting OOT input and output are shown in Fig. 3 .
Effect of using pre-and post-actuation
The use of pre-and post-actuation implies that the main input (u v ) is not constrained to move the rigid-body dynamics (from y to y, see y r in Fig. 3 ) within the outputtransition time. This is because the second input (u p ) can adjust the flexible dynamics (see y f in Fig. 3 ) to maintain zero total output (y) during the pre-and postactuation. The additional time available to apply inputs (outside the output-transition time, see Fig. 3 ) and the associated flexibility in the choice of the inputs enable a substantial (40%) reduction in the output-transition time. The advantage of using OOT approaches (with pre-and post-actuation) tends to becomes significant when compared to dual-stage SST approaches (without pre-and post-actuation) during small-magnitude output transitions, e.g., during short-seek operations in disk drive systems. 
